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Irreduible multiparty orrelation an be reated by loal operations
D.L. Zhou
Beijing National Laboratory for Condensed Matter Physis,
and Institute of Physis, Chinese Aademy of Sienes, Beijing 100190, China
Generalizing Amari's work titled Information geometry on hierarhy of probability distributions
[1℄, we dene the degrees of irreduible multiparty orrelations in a multiparty quantum state based
on quantum relative entropy. We prove that these denitions are equivalent to those derived from
the maximal von Neaumann entropy priniple [2, 3℄. Based on these denitions, we nd a ounter-
intuitive result on irreduible multiparty orrelations: although the degree of the total orrelation
in a three-party quantum state does not inrease under loal operations, the irreduible three-party
orrelation an be reated by loal operations from a three-party state with only irreduible two-
party orrelations. In other words, even if a three-party state is initially ompletely determined by
measuring two-party Hermitian operators, the determination of the state after loal operations have
to resort to the measurements of three-party Hermitian operators.
PACS numbers: 03.67.Mn, 03.65. Ud, 89.70.Cf
Introdution.  In quantum mehanis, the omplete
information of a multiparty system is ontained in its
multiparty quantum state, whih an be revealed by per-
forming dierent types of quantum measurements. A
natural lassiation of the types of quantum measure-
ments on a multiparty system is based on the number
of parties involved in a measurement. In other words,
a k-party measurement in an n-party system is repre-
sented by a k-party (1 ≤ k ≤ n) Hermitian operator.
By measuring k-party Hermitian operators, we an de-
termine the k-party redued density matries. Obviously,
the (k−1)-party redued density matries are determined
by the k-party redued density matries. Thus the degree
of k-party irreduible orrelation is dened as how muh
more information ontained in the k-party redued den-
sity matries but nonexistent in the (k−1)-party redued
density matries. The onept of irreduible n-party irre-
duible orrelation for an n-party quantum state was rst
proposed in Ref. [2℄ by Linden et al., and we generalized
it to irreduible k-party orrelations for any 1 ≤ k ≤ n
in an n-party state in Ref. [3℄.
As mentioned in Ref. [3℄, the irreduible k-party or-
relation in an n-party state an be regarded as the quan-
tum version of the onneted information of order k for
a probability distribution of n lassial variables dened
in Ref. [4℄by Shneidman et al.. However, in lassial in-
formation ommunity, there exists a related work titled
Information geometry on hierarhy of probability dis-
tributions [1℄ by Amari. Thus the following questions
naturally arise: What is the quantum version of Amari's
work? Is the quantum version equivalent to the irre-
duible orrelations dened in Refs. [2, 3℄? Does it give
us new insight on irreduible multi-party orrelations?
Here we remark that, even in lassial information om-
munity, as far as we know, one does not know whether
the denitions given in Ref. [1℄ and in Ref. [4℄ are equiv-
alent.
Another related interesting topi on multiparty orre-
lations is to dene and haraterize the genuine n-party
orrelation in an n-party quantum state [5, 6, 7℄. Is the
degree of irreduible n-party orrelation in an n-party
state [2℄ a legitimate measure of genuine n-party orrela-
tion?
In this paper, we give the quantum version of Amari's
work, and we prove that this quantum version is equiva-
lent to the irreduible orrelations dened in Refs. [2, 3℄.
Based on this equivalent form, we nd a ounterintu-
itive result: the irreduible three-party orrelation an be
reated by loal operations from a three-party quantum
state with only irreduible two-party orrelations. This
implies that loal operations an reate higher order ir-
reduible orrelations from lower order orrelations. In
other words, the degree of irreduible n-party orrelation
in an n-party state an inrease under loal operations,
and it is not a measure of genuine n-party orrelation in
an n-party state [5, 6, 7℄.
For the sake of notation simplity and without losing
of generality, we will formulate our problem for a three-
qubit system.
Two representations of a three-qubit quantum state. 
To simplify our presentation, we shall adopt the follow-
ing notations. First, let m denote (m1,m2,m3), with
mi ∈ {0, 1, 2, 3} for i = 1, 2, 3. Speially, 0 denotes
(0, 0, 0), and m¯ an take any values as m exept 0. Se-
ond, let σ
(123)
m denote σ
(1)
m1 ⊗ σ(2)m2 ⊗ σ(3)m3 , where σ0 is the
2× 2 identity matrix, and σi (i = 1, 2, 3) are three Pauli
matries. Third, let N0(m) =
∑
i δmi0, and [3] = (123).
An arbitrary three-qubit state ρ[3] with maximal rank
an be written in the exponential form
ρ[3]({θm}) = exp (
∑
m
θmσ[3]
m
)
, (1)
where θm are real parameters. Beause the state is nor-
malized, parameter θ0 an be determined by the other
parameters {θm¯}, whih is expliitly given by θ0 =
2−ψ({θm¯}), where
ψ({θm¯}) = Tr[ exp (
∑
m¯
θm¯σ
[3]
m¯
)]
. (2)
The exponential form for a quantum state given by
Eq. (1) ensures the positivity of the state automatially,
whih implies that a bijetive map an be built between
the set of three-qubit states with maximal rank and the
set of 63 real parameters {θm¯} via Eq. (1).
In addition, it is often instrutive to regard the state
in Eq. (1) as a thermal equilibrium state with the pa-
rameters {θm¯} desribing the Hamiltonian of the three
qubits. Then funtion ψ({θm¯}) in Eq. (2) is the minus
of the free energy in statistis physis.
Another more widely used representation for the state
ρ[3] is
ρ[3]({ηm}) =
∑
m
ηm
8
σ[3]
m
, (3)
where ηm are also real parameters. Here the normaliza-
tion of the state leads to η0 = 1, and the parameter ηm¯
is the average value of the Hermitian operator σ
[3]
m¯ for
the state. Here we remark that not all real parameters
{ηm¯} will make Eq. (3) semipositive, namely, being a
legitimate state.
Quantum relative entropy.  Quantum relative en-
tropy is a basi quantity in quantum information theory
[8, 9℄, whih is dened by
S(ρ||σ) = Tr(ρ(ln ρ− lnσ)). (4)
It satises the Klein's inequality
S(ρ||σ) ≥ 0, (5)
where the equality is satised if and only if ρ = σ. Quan-
tum relative entropy S(ρ||σ) is a measure of distinguisha-
bility for the state ρ relative to the state σ. On one hand,
when the joint set between the support of the state ρ and
kernel of the state σ is not empty, the quantum relative
entropy beomes positive innity, whih means that we
an denitely distinguish the state ρ from the state σ.
On the other hand, the Klein's inequality shows that only
two idential states are ompletely indistinguishable.
Quantum relative entropy has a desirable distane-like
property: it does not inrease when part of the system is
ignored, that is, for a omposite system AB,
S(ρ(AB)||σ(AB)) ≥ S(ρ(A)||σ(A)). (6)
Eq. (6) implies that any quantum operation ating on
two states simultaneously an not inrease their quantum
relative entropy.
Using the two representations for a quantum state
given by Eq. (1) and Eq. (3), we obtain
S(ρ[3]||ρ′[3]) = φ({ηm¯}) + ψ({θ′m¯})−
∑
m¯
ηm¯θ′
m¯
, (7)
where the funtion φ is the minus of the von Neaumann
entropy, namely,
φ({ηm¯}) = −S(ρ[3]({ηm¯})). (8)
Taking ρ[3] = ρ′
[3]
in Eq. (7), we get
φ({ηm¯}) + ψ({θm¯})−
∑
m¯
ηm¯θm¯ = 0. (9)
Eq. (9) is the Legendre transformation, whih gives the
variable transformation
ηn¯ =
∂ψ({θm¯})
∂θn¯
, (10)
θn¯ =
∂φ({ηm¯})
∂ηn¯
. (11)
Following Eq. (7) and Eq. (9), we obtain a useful
relation
S(ρ[3]||ρ′′[3])− S(ρ[3]||ρ′[3])− S(ρ′[3]||ρ′′[3])
=
∑
m¯
(ηm¯ − η′m¯)(θ′m¯ − θ′′m¯). (12)
Irreduible multiparty orrelations.  In this setion,
we will rst review the denitions of irreduible multi-
party orrelations given in Refs. [2, 3℄. Next we will
present new denitions on irreduible multiparty orre-
lation by extending Amari's work [1℄. Then we will show
that these two denitions are equivalent.
We onsider the irreduible multiparty orrelations in
a given three-qubit state ρ
[3]
⋆ .
Denition 1: First we dene two sets of three-qubit
states as
M2(ρ
[3]
⋆ ) = {ρ[3]({ηm¯})|ηm¯ = ηm¯⋆ , ∀N0(m¯) ≥ 1},(13)
M1(ρ
[3]
⋆ ) = {ρ[3]({ηm¯})|ηm¯ = ηm¯⋆ , ∀N0(m¯) ≥ 2}.(14)
Obviously, the set M2(ρ
[3]
⋆ ) (M1(ρ
[3]
⋆ )) is the set of three-
qubit states that have the same two-qubit (one-qubit)
redued density matries as those of the state ρ
[3]
⋆ . Next
we will gure out the states with maximum von Neau-
mann entropy in the above two sets respetively, whih
are dened by
ρ
[3]
⋆2 = argmaxρ[3]∈M2(ρ[3]⋆ )
S(ρ[3]), (15)
ρ
[3]
⋆1 = argmaxρ[3]∈M1(ρ[3]⋆ )
S(ρ[3]). (16)
Then the degree of irreduible three-party orrelation and
the degree of irreduible two-party orrelation are dened
by
C3(ρ
[3]
⋆ ) = S(ρ
[3]
⋆2)− S(ρ[3]⋆ ), (17)
C2(ρ
[3]
⋆ ) = S(ρ
[3]
⋆1)− S(ρ[3]⋆2). (18)
3The degree of the total orrelation is
CT (ρ
[3]
⋆ ) = S(ρ
[3]
⋆1)− S(ρ[3]⋆ ). (19)
Denition 2: We also introdue two sets of three-
qubit states dened by
E2 = {ρ[3]({θm¯})|θm¯ = 0, ∀N0(m¯) < 1}, (20)
E1 = {ρ[3]({θm¯})|θm¯ = 0, ∀N0(m¯) < 2}. (21)
Next we will nd out the most indistinguishable states
relative to the state ρ
[3]
⋆ in the above two sets, namely,
ρ
[3]
⋆II = argminρ[3]∈E2S(ρ
[3]
⋆ ||ρ[3]), (22)
ρ
[3]
⋆I = argminρ[3]∈E1S(ρ
[3]
⋆ ||ρ[3]). (23)
Then the degrees of irreduible three-party orrelation
and irreduible two-party orrelation are dened by
C′3(ρ
[3]
⋆ ) = S(ρ
[3]
⋆ ||ρ[3]⋆II), (24)
C′2(ρ
[3]
⋆ ) = S(ρ
[3]
⋆II ||ρ[3]⋆I ). (25)
The total orrelation is given by
C′T (ρ
[3]
⋆ ) = S(ρ
[3]
⋆ ||ρ[3]⋆I ). (26)
The similar struture of the above two approahes mo-
tivates us to onsider whether they are equivalent or not.
Atually, we have the following theorem.
Theorem: Denition 1 and Denition 2 on irrre-
duible multiparty orrelations are equivalent.
Proof: In Tehorem 1 of Ref. [3℄, we have proved that
ρ
[3]
∗2 ∈ E2 and ρ[3]⋆1 ∈ E1. Using Eq. (12), we have, ∀σ[3]2 ∈
E2 and ∀σ[3]1 ∈ E1,
S(ρ
[3]
⋆ ||σ[3]2 ) = S(ρ[3]⋆ ||ρ[3]⋆2) + S(ρ[3]⋆2 ||σ[3]2 ), (27)
S(ρ
[3]
⋆ ||σ[3]1 ) = S(ρ[3]⋆ ||ρ[3]⋆1) + S(ρ[3]⋆1 ||σ[3]1 ). (28)
Beause of the Klein inequality (5), Eq. (27) and Eq.
(28) show that the state ρ
[3]
⋆II and the state ρ
[3]
⋆I are unique,
and we have
ρ
[3]
⋆II = ρ
[3]
⋆2 , (29)
ρ
[3]
⋆I = ρ
[3]
⋆1 . (30)
Inserting σ
[3]
2 = σ
[3]
1 =
σ
[3]
0
8 into Eq. (27) and Eq. (28),
we obtain
C3(ρ
[3]
⋆ ) = C
′
3(ρ
[3]
⋆ ), (31)
CT (ρ
[3]
⋆ ) = C
′
T (ρ
[3]
⋆ ). (32)
Inserting σ
[3]
2 = ρ
[3]
⋆1 into Eq. (27), we nd
C2(ρ
[3]
⋆ ) = C
′
2(ρ
[3]
⋆ ). (33)
In the proess of the proof, we have shown that the
states ρ
[3]
∗2 and ρ
[3]
∗1 are unique for a given three-qubit state
ρ
[3]
∗ , whih is not easy to prove diretly from Denition
1.
Properties.  So far we have two equivalent deni-
tions for the degrees of irreduible multiparty orrela-
tions. However, we still lak the answer to the funda-
mental question: Do the degrees of irreduible multiparty
orrelations satisfy the basi requirements of a legitimate
orrelation measure?
Let us begin with a brief review of the basi require-
ments for a legitimate orrelation measure [5, 10℄. First, a
orrelation measure is semipositive; Seond, a orrelation
measure is invariant under loal unitary transformations;
Third, a measure for a spei type of orrelation is zero
if and only if the state has not suh type of orrelation;
Fourth, a orrelation measure does not inrease under
loal operations .
Aording to the denitions of C2, C3, and CT , obvi-
ously they are semipositive. On one hand, a loal unitary
transformation only hanges the loal basis, thus a bije-
tive map an be built between a state and the orrespond-
ing transformed state. On the other hand, the involved
funtions, the von Neaumann entropy and the quantum
relative entropy, are invariant under loal unitary trans-
formations. Therefore, the orrelation measures C2, C3,
and CT are invariant under loal unitary transformations.
The third and the fourth requirements an be analyzed
onveniently by the seond denitions. In fat, E2 is the
set of the states without irreduible three-party orrela-
tions, and E1 is the set of the states without orrelations.
Aording to the denitions of C3 (CT ), C3 (ET ) of a
state is zero if and only if the state is in the set of E2
(E1). Notie that we have not, and we may not need, an
independent set of states without irreduible two-party
orrelations.
Beause of the monotoniity of quantum relative en-
tropy (6), the neessary and suient ondition for the
measureCT (C3) satisfying the fourth requirement is that
the set E1 (E2) is losed under loal quantum operations.
Beause any state in E1 is a produt state of the three
parties, the set E1 is indeed losed under loal quantum
operations. Therefore, the total orrelation CT does not
inrease under loal quantum operations.
However, we nd that the set E2 is not losed under lo-
al quantum operations. This is expliitly demonstrated
by the following ounterexample.
An ounterexample: The initial three-qubit state
ρ
[3]
i we onsider is given by
θ330i = 1, θ
303
i = θ
001
i =
1√
2
, (34)
where we only list the nonzero elements in the set {θm¯}.
Obviously this state ρ
[3]
i ∈ E2. To implement an loal
operation on qubit 1, we introdue an auxiliary qubit a,
4whose initial state is given by θ3a = 1. Then we make
the CNOT operation with qubit a the ontrol qubit and
qubit 1 the target qubit. The nal state ρ
[3]
f of the three
qubits is given by
η001 =
tanh(1)√
2
, η033 = η303 =
tanh2(1)√
2
,
η330 = tanh2(1), η331 =
tanh3(1)√
2
. (35)
In the exponential form, the state ρ
[3]
f an be written
numerially as
θ001 ≃ 0.650, θ033 = θ303 ≃ 0.336,
θ330 ≃ 0.543, θ331 ≃ 0.048. (36)
Obviously, ρ
[3]
f /∈ E2.
The above ounterexample shows that the irreduible
three-party orrelation an be reated by a loal opera-
tion from a three-qubit state without irreduible three-
party orrelations. Thus the measure C3 an inrease
under loal quantum operations, whih implies that, in
this sense, C3 is not a legitimate orrelation measure.
Disussions and summary.  We formulate our re-
sults for a three-qubit state in the above disussions. We
emphasize that the formalism an be generalized to apply
to any multiparty state with nite dimensional Hilbert
spae. In the general ases, the four Pauli matries are
taken plae of by a omplete set of orthornamal Her-
mitian operators in the nite dimensional Hilbert spae
[11℄. In addition, by using the exponential form, we only
deal with the multiparty quantum states with maximal
rank. For the multiparty quantum states without maxi-
mal rank, we an use the ontinuity approah developed
in Ref. [3℄ to investigate the distribution of irreduible
mulatiparty orrelations in them.
Although our work is motivated by Amari's work on
information geometry [1℄, our presentaion fouses on the
results but not on the underlying mathematial stru-
ture. In fat, our presentation an be understood with-
out resorting to information geometry as follows. As
emphasized by Theorem 1 in Ref. [3℄, the exponential
form of a multiparty quantum state is of great signif-
iane in haraterizing irreduible multiparty orrela-
tions. More preisely, the theorem implies that E2 (E1)
is the set of three-qubit states without irreduible three-
party (two-party and three-party) orrelations. Thus
Eqs. (24,25,26) an be introdued via quantum relative
entropy by the tradditional method widely adopted in
quantum information ommunity [9, 12℄.
Aording to the denitions of irreduible multiparty
orrelations, the thermal equillibrium state of a Hamiti-
tonian with two-body interations will at most show irre-
duible two-party orrelations and an not show higher
order irreduible multiparty orrelations. However, we
know that a Hamitonian with two-body interations an
demonstrate topologial order [13℄, whih is a type of ir-
reduible marosopi party-orrelations. How to onile
this obvious paradox? This will be due to the degeneray
of the ground states and the mehanism of spontaneous
symmetry broken, whih makes the equibrium state is
not simply written as the exponential form of the Hamil-
tonian. This explains why a multiparty system with short
range interations showing topologial order always have
degeneray of ground states.
In summary, we present the quantum version of
Amari's work, and prove that it is equivalent to the
irreduible multiparty orrelation dened in [2, 3, 4℄.
Based on this new presentation, we nd a ounterintu-
itive result: the irreduible three-party orrelation an
be reated by loal operations from a three-party state
with only irreduible two-party orrelations. This implies
that the degree of irreduible multiparty orrelation an
not be regarded as a legitimate orrelation measure in-
dependly. Loal operations an not only destroy high
order orrelations into lower order orrelations, but also
an transform lower order orrelations into higher order
orrelations. We hope that this investigation will help
us to haraterize the multiparty orrelation struture
in a multiparty quantum state, and nally improve our
understanding of the physis on multiparty orrelations
ontained in a multiparty quantum state.
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